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QUASIDIAGONAL TRACES AND CROSSED PRODUCTS
MARZIEH FOROUGH
Abstract. Let A be a simple, exact, separable, unital C∗-algebra and let
α : G → Aut(A) be an action of a finite group G with the weak tracial
Rokhlin property. We show that every trace on A ⋊α G is quasidiago-
nal provided that all traces on A are quasidiagonal. As an application,
we study the behavior of finite decomposition rank under taking crossed
products by finite group actions with the weak tracial Rokhlin property.
Moreover, we discuss the stability of the property that all traces are qua-
sidiagonal under taking crossed products of finite group actions with finite
Rokhlin dimension with commuting towers.
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1. Introduction
In this paper, we study the stability of the property that all traces on a C∗-
algebra are quasidiagonal by taking crossed product by a finite group action
with some form of the Rokhlin property. In particular, we consider crossed
products of finite group actions with the weak tracial Rokhlin property and
with finite Rokhlin dimension with commuting towers.
The notion of quasidiagonality appeared in Halmos’ work on operator the-
ory. Then it was introduced in the theory of C∗-algebras: a C∗-algebra is
quasidiagonal if it admits a faithful representation for which there is an ap-
proximately central net of finite rank projections converging strongly to the
unit. Voiculescu proved that for a separable unital C∗-algebra A, quasidiago-
nality is equivalent to the existence of a sequence of unital completely positive
maps from A to a matrix algebra which are both asymptotically multiplicative
and asymptotically isometric. In the same spirit, Brown introduced quasidiag-
onal traces and investigated their properties in [Bro06]. Recently, the property
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that all traces on a C∗-algebra are quasidiagonal has been investigated deeply
regarding the classification program of C∗-algebras. In [BBSTW15], the au-
thors argued that the condition that all traces are quasidiagonal distinguishes
decomposition rank from nuclear dimension. Moreover, in [BBSTW15], it was
shown that all traces on simple, separable, unital C∗-algebras with finite de-
composition rank are quasidiagonal. Tikuisis, Winter and White in [TWW17]
have proved that every trace on a simple, separable, nuclear C∗-algebra in the
UCT class is quasidiagonal. This result has significant consequences in the El-
liott classification program, see [TWW17]. In other direction, it was proved by
Rosenberg and Tikuisis-Winter-White that a discrete group is amenable if and
only if the canonical trace on its reduced group C∗-algebra is quasidiagonal.
It has been shown by Elliott-Gong-Lin-Niu in [EGLN15] that quasidiagonality
of all traces is fundamental in the classification of simple, nuclear, stably finite
C∗-algebras.
These results suggest that it is important to determine when all traces
are quasidiagonal. In particular, we investigate when all traces on a crossed
product algebra by a finite group action are quasidiagonal. It has been proved
that several properties appearing in Elliott’s classification are stable by taking
crossed products by finite group actions with some kind of Rokhlin property.
This motivates us to investigate when all traces on a crossed product algebra
by a finite group action with some type of Rokhlin property are quasidiagonal.
The Rokhlin property for actions on C∗-algebras was investigated by Kishi-
moto, Herman and Jones, Herman and Ocneanu. Izumi in [Izu04] gave a
modern definition of the Rokhlin property for finite group actions acting on
unital C∗-algebras and classified finite group actions on some classes of unital
C∗-algebras with the Rokhlin property. It has been studied extensively which
properties of C∗-algebras are preserved by taking crossed products of group
actions with the Rokhlin property, see [Phi11], [OP12], [HW07], [HWZ15],
and [Gar17]. The Rokhlin property is quite restrictive. There are relatively
few actions with the Rokhlin property and there are many algebras which
admit no finite group action with the Rokhlin property. Phillips in [Phi11]
introduced the tracial Rokhlin property for finite group actions that is less
restrictive version of the Rokhlin property. There are many examples of ac-
tions of finite groups with the tracial Rokhlin property, see [Phi15]. Phillips
in [Phi11] proved that having tracial rank zero is stable under taking crossed
products by finite group actions with the tracial Rokhlin property.
The tracial Rokhlin property still needs the existence of projections, which
can be restrictive. For instance, the Jiang-Su algebra Z does not admit any
finite group actions with the tracial Rokhlin property. Projection-free gener-
alizations of the tracial Rokhlin property were considered in [MS12], [HO13],
and [GHS17], among others. In particular, preservation of (tracial) Z-stability
by taking crossed products by finite group actions was investigated in [HO13].
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Another approach to weakening the Rokhlin property is given in [WZ09].
The authors define and study Rokhlin dimension for finite group actions. The
preservation of nuclear dimension, decomposition rank and Z-stability is inves-
tigated by taking crossed products of finite group actions with finite Rokhlin
dimension in [HWZ15]. Continuation of this research line and motivated by
the recent advances in the classification program of C∗-algebra, we study the
stability of the property that all traces are quasidiagonal by taking crossed
products of finite group actions. The following is our main theorem.
Theorem 1.1. Let A be a simple, separable, exact, unital C∗-algebra and let
α : G→ Aut(A) be an action of a finite group G with the weak tracial Rokhlin
property. If every trace on A is quasidiagonal then all traces on A ⋊α G are
quasidiagonal.
Gardella, Hirshberg and Santiago in [GHS17] have studied the relation be-
tween the weak tracial Rokhlin property and having finite Rokhlin dimension
with commuting towers. Their result together with Theorem 1.1 enables us
to conclude some conditions under which all traces on a crossed product by a
finite group action with finite Rokhlin dimension with commuting towers are
quasidiagonal, see Corollary 3.10.
As an application of Theorem 1.1, we study finiteness of the decomposi-
tion rank of crossed products by finite group actions with the tracial Rokhlin
property.
Corollary 1.2. Let A be a simple, separable, unital C∗-algebra with unique
trace and let α : G→ Aut(A) be an action of a finite group G with the tracial
Rokhlin property. If the decomposition rank of A is finite, then the decompo-
sition rank of A⋊α G is finite.
We also show that the decomposition rank of the crossed product can be
different from the decomposition rank of the original algebra, see Example 3.7.
This paper is organized as follows. In section 2, we study C∗-algebras all
of whose traces are (uniform) quasidiagonal. In section 3, we study quasidi-
agonality of all traces on a crossed product by a finite group action with some
type of Rokhlin property when all traces on the original algebra are quasidi-
agonal. We mainly consider finite group actions with the weak tracial Rokhlin
property or with finite Rokhlin dimension with commuting tower.
2. Quasidiagonal traces
We begin this section by recalling the definition of quasidiagonal traces and
uniform quasidiagonal traces from [Bro06]. The canonical trace on Mk will be
denoted by trk.
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Definition 2.1. Let A be a C∗-algebra and τ be a trace on A. We say that τ
is quasidiagonal if there exists a net of completely positive contractive (c.p.c)
maps φi : A→Mk(i) such that
(1) ‖trk(i) ◦ φi(a)− τ(a)‖ → 0;
(2) ‖φi(ab)− φi(a)φi(b)‖ → 0,
for all a, b ∈ A.
Definition 2.2. Let A be C∗-algebra and τ be a trace on A. We say that τ is
uniform quasidiagonal if there exists a net of completely positive contractive
(c.p.c) maps φi : A→Mk(i) such that
(1) ‖trk(i) ◦ φi − τ‖A∗ → 0;
(2) ‖φi(ab)− φi(a)φi(b)‖ → 0,
for all a, b ∈ A.
Remark 2.3. By Proposition 3.5.10 of [Bro06], if A is a unital C∗-algebra, we
can take the φi’s in Definition 2.1 and Definition 2.2 to be unital completely
positive (u.c.p) maps.
Brown in [Bro06, Theorem 1] proves that if A is a locally reflexive C∗-algebra
then every quasidiagonal trace on A is uniform quasidiagonal. In particular,
any quasidiagonal trace on an exact C∗-algebra is uniform quasidiagonal.
In the following remark, we mention some classes of C∗-algebras all of whose
traces are quasidiagonal.
Remark 2.4. • Let A be a nuclear quasidiagonal C∗-algebra with unique
trace τ , then τ is quasidiagonal (Theorem 6.1.13 of [Bro06]).
• Let A be a separable unital C∗-algebra with finite decomposition rank,
then every trace on A is quasidiagonal (Corollary 8.7 of [BBSTW15]).
• Every trace on a separable, simple, nuclear, quasidiagonal, unital C∗-
algebra satisfying UCT is quasidiagonal (Corollary 6.1 of [TWW17]).
We recall that a trace τ on a C∗-algebra A is called amenable if there exist
a net of c.p.c maps φα : A → Mk(α) such that ‖trk(α) ◦ φα(a) − τ(a)‖ → 0,
for all a ∈ A and ‖φα(ab) − φα(a)φα(b)‖2 → 0 for all a, b ∈ A. Clearly, every
quasidiagonal trace is amenable but the converse does not necessarily hold,
see [Bro06].
Lemma 2.5. Suppose that all traces on A are amenable. Then every trace on
C0(0, 1] ⊗A is quasidiagonal.
Proof. Observe that every trace of the form δt⊗τ is amenable on C0((0, 1])⊗A,
where δt is the evaluation map for some point t ∈ (0, 1] and τ is an amenable
trace on A. Moreover, by Proposition 3.5.1 of [Bro06], the set of all amenable
traces on C0((0, 1])⊗A is a weak ∗-closed convex set. On the other hand, it is
well-known fact that that every trace on C0((0, 1])⊗A lies in the weak ∗-closed
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convex hull of the set of traces in the form δt ⊗ τ for some t ∈ (0, 1] and trace
τ on B. Thus all traces on C0((0, 1]) ⊗ A are amenable. By Proposition 3.2
of [BCW16], every amenable trace on a cone of a C∗-algebra is quasidiagonal.
Therefore, all traces on the cone of A are quasidiagonal, as desired. 
Recall that a C∗-algebra A is said to have the weak expectation property
(WEP) if there exists a u.c.p map φ : B(Hu) → A
∗∗ such that φ(a) = a for
all a ∈ A, where A ⊆ A∗∗ ⊆ B(Hu) is the universal representation of A. The
class of C∗-algebras with WEP is large and contains of injective C∗-algebras
and nuclear C∗-algebras.
Corollary 2.6. Let A be a C∗-algebra with the WEP . Then all traces on
C0(0, 1] ⊗A are quasidiagonal.
Proof. By Proposition 4.2.2 of [Bro06], all traces on A are amenable. Now,
Lemma 2.5 implies the result. 
In the following, we aim to show that if all traces on a unital simple C∗-
algebra A are uniform quasidiagonal then any trace on a corner of A is uniform
quasidiagonal. To this end, we first need the following two results.
Lemma 2.7. Let A be a simple unital C∗-algebra. If p is a non-zero projec-
tion in A, then every trace on a hereditary C∗-subalgebra pAp is of the form
1
τ(p)τ |pAp for some trace τ on A.
Proof. Let p be an arbitrary non-zero projection in A. Simplicity of A implies
that pAp is A is Morita equivalent to pAp. Hence, it is easy to observe that Ap
is an imprimitivity A-pAp bimodule. Now, Proposition 2.2 of [Rie81] implies
that all non-normalized traces on pAp are of the form τ(< ., . >pAp) for some
trace τ on A. This completes the proof. 
Proposition 2.8. (due to N. Brown) Let τ be a uniform quasidiagonal trace
on a C∗-algebra A and p be a projection of A such that τ(p) is non zero, then
1
τ(p)τ restricts to a uniform quasidiagonal trace on pAp.
Proof. Suppose that (φα : A→ Mk(α))α∈I is a net of c.c.p maps realizing the
uniform quasidiagonality of τ . Since φα are asymptotically multiplicative,
the positive contractions φα(p) satisfy ‖φα(p) − φα(p)
2‖ → 0. By functional
calculus we can therefore find projections Pα ∈ Mk(α)(C) such that ‖φα(p) −
Pα‖ → 0. We claim that the maps which witness that
1
τ(p)τ restricts to a
uniformly quasidiagonal trace on pAp are given by ϕα(pap) = Pαφα(pap)Pα.
In the other words, we will show
(1) (ϕα)α∈I are asymptotically multiplicative;
(2) and for every ε > 0, there exists α0 such that |
1
τ(p)τ(pxp)−
1
tr(Pα)
tr(ϕα(pxp))| ≤
ǫ for all contractions x ∈ A and α > α0.
To prove both of these assertions, we require the following claim.
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Claim: For every ε > 0, there exists α0 such that ‖Pαφα(pxp)−φα(pxp)‖ ≤ ǫ
for any α > α0.
To prove the claim, we first note that by Lemma 3.5 of [KW04], we have
‖φα(px)− φα(p)φα(px)‖ ≤ ‖φα(p)− φα(p)
2‖
1
2
for all contractions x ∈ A. Since ‖φα(p)−φα(p)
2‖ → 0 and ‖φα(p)−Pα‖ → 0, it
follows that for every ǫ > 0, there exists α0 such that ‖φα(px)−Pαφα(px)‖ ≤ ǫ
for all contractions x ∈ A and α > α0. Taking adjoints we get the same in-
equalities with p and Pα on the right side of x, and so some standard estimates
complete the proof of claim.
With above claim we verify (1):
ϕα(pxppyp) = Pαφα(pxppyp)Pα ≈ φα(pxppyp) ≈ φα(pxp)φα(pyp) ≈ ϕα(pxp)ϕα(pyp).
To verify (2) one observes that
|
1
τ(p)
τ(pxp)−
1
tr(Pα)
tr(ϕα(pxp))|
is bounded above by the sum of
|
1
τ(p)
τ(pxp)−
1
tr(Pα)
tr(φα(pxp))|
and
|
1
tr(Pα)
tr(φα(pxp))−
1
tr(Pα)
tr(ϕα(pxp))|.
Now, it is easy to see (2), and this completes the proof. 
Corollary 2.9. Let A be a unital simple C∗-algebra whose all traces are uni-
form quasidiagonal. If p is any projection on A, then all of whose traces on
pAp are uniform quasidiagonal.
Proof. This follows immediately from Proposition 2.8 and Lemma 2.7. 
3. Quasidiagonal traces on crossed product C∗-algebras
In this section, we investigate the behavior of quasidiagonal traces by taking
crossed products of finite group actions with the weak tracial Rokhlin property
and with finite Rokhlin dimension with commuting towers.
We begin by recalling the definition of the tracial Rokhlin property for finite
group actions and the weak version of it.
Definition 3.1. [Phi11] Let A be an infinite dimensional simple separable
unital C∗- algebra, and let α : G → Aut(A) be an action of a finite group G
on A. We say that α has the tracial Rokhlin property if for every finite set
F ⊆ A, every ε > 0, and every positive element x ∈ A with ‖x‖ = 1, there are
mutually orthogonal projections eg ∈ A for g ∈ G such that
(1) ‖ega− aeg‖ ≤ ε for all a ∈ F and g ∈ G;
(2) ‖αg(eh)− egh‖ ≤ ε for all g, h ∈ G;
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(3) With e =
∑
g∈G eg, the projection 1−e is Murray-von Neumann equiv-
alent to a projection in the hereditary subalgebra of A generated by
x;
(4) With e as in (3), we have ‖exe‖ ≥ 1− ε.
For positive elements a, b of C∗-algebra A, we write a - b if a is Cuntz
subequivalent to b, i.e., there is a sequence (vn) in A such that ‖a−vnbv
∗
n‖ → 0.
We write a ∼ b if both a - b and b - a.
Definition 3.2. [GHS17] Let α : G → Aut(A) be finite group action on a
simple separable unital C∗-algebra A. We say that α has the weak tracial
Rokhlin property if for every ε > 0, for every finite set F ⊆ A and for every
positive x ∈ A with norm one, there exist orthogonal contractions fg ∈ A, for
all g ∈ G, satisfying
(1) ‖αg(fh)− fgh‖ ≤ ε;
(2) ‖fga− afg‖ ≤ ε;
(3) With f =
∑
g∈G fg, 1− f - x;
(4) With f as in (3), we have ‖fxf‖ > 1− ε.
Proposition 3.3. (due to E. Gardella) Let α : G → Aut(A) be an action of
a finite group G on a simple separable unital C∗-algebra A and let ω ∈ βN/N.
If α has the weak tracial Rokhlin property, then there exists an equivariantly
c.p.c order zero map φ : C(G)→ Aω ∩A
′ such that 1 − φ(1C(G)) ∈ JA, where
JA = {a ∈ Aω, limn→ωsupτ∈T (A)τω(a
∗a) = 0}.
Proof. Let x be an element in JA with ‖x‖ ≤ 1 and let the sequence {xn} of
positive contractions in A be a lift for x. Suppose that {Fn} is a sequence
of finite sets in A such that ∪n∈NFn is dense in A. There exist positive con-
tractions f
(n)
g , for g ∈ G, satisfying conditions for the weak tracial Rokhlin
property for finite set Fn, ε =
1
n and xn. Denote the
∑
g∈G f
(n)
g by f (n). Then
dτ (1 − f
(n)) ≤ dτ (xn) for any τ ∈ T (A), where dτ (a) = limn→∞τ(a
1/n) for
all a ∈ A. With fg = (f
(n)
g )n∈N, it is easy to see that fg belongs to Aω ∩ A
′
.
With identifying C(G) with CG, put φ(g) = fg. This defines the desired map
φ. 
Remark 3.4. The converse of Proposition 3.3 holds if we moreover assume
that A has the strict comparison property.
Theorem 3.5. Let A be a simple, separable, exact, unital C∗-algebra, and
let α : G → Aut(A) be a finite group action with the weak tracial Rokhlin
property. Then every trace on A⋊α G is quasidiagonal if all traces on A are
quasidiagonal.
Proof. It follows from Proposition 3.3 that there is a c.p.c order zero map
φ : C(G)→ Aω∩A
′ such that 1−φ(1C(G)) ∈ JA. Hence, one can find matually
orthogonal positive contractions (fg)g∈G in Aω ∩ A
′ such that φ(1C(G)) =
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∑
g∈G fg and αg(fe) = fg for all g ∈ G. Then define ψ : A → (A
α)ω by
ψ(a) =
∑
∈G αg(f
1/2
e af
1/2
e ). Clearly, ψ is a c.p.c map. Note that ψ(a) =
∑
g∈G f
1/2
g αg(a)f
1/2
g =
∑
g∈G fgαg(a) =
∑
g∈G αg(a)fg for any a ∈ A. Thus
ψ is order zero since fgfh = 0 when g 6= h and fg ∈ Aω ∩ A
′. Moreover, for
every a ∈ Aα, we have ψ(a) − a =
∑
g∈G fgαg(a) − a = a(
∑
g∈G fg − 1) =
a(φ(1C(G) − 1) ∈ JA as JA is an ideal.
Now, we show that all traces on Aα are quasidiagonal. Let τ be a trace on
Aα, then it induces a trace τω on (A
α)ω. By Corollary 4.4 of [WZ09], τω ◦ ψ
is a trace on A and so it is quasidiagonal. Suppose the finite set F ⊆ Aα
and ε > 0 are given. Then there is a c.p.c map φ : A → Mn such that
‖φ(ab) − φ(a)φ(b)‖ ≤ ε and ‖trn(φ(a)) − τω(ψ(a))‖ ≤ ε for all a, b ∈ F . Note
that τω(ψ(a)) = τ(a) for all a ∈ A since ψ(a) − a ∈ JA. Thus, the restriction
of ψ on Aα is almost multiplicative on F and ‖trn(φ(a)) − τ(a))‖ ≤ ε for all
a, b ∈ F . Therefore, we proved that τ is quasidiagonal. Indeed, all traces on
Aα are uniform quasidiagonal, since Aα ⊆ A is exact. Now, we prove that
every trace on A ⋊α G is quasidiagonal. By Proposition 5.3 of [HO13], α is
outer, and so A ⋊α G is simple. Thus A
α is Morita equivalent to A ⋊α G.
Since both algebras are separable and unital, there are n ∈ N and projection
p ∈ Mn ⊗ A
α such that A ⋊α G ∼= p(Mn ⊗ A
α)p. Therefore, it follows from
Lemma 3.14 that all traces on A⋊αG are uniform quasidiagonal. Since A⋊αG
is exact, all traces on A⋊α G are quasidiagonal, as desired. 
Corollary 3.6. Let A be a simple, separable, unital C∗-algebra with unique
trace, and let α : G→ Aut(A) be a finite group action with the tracial Rokhlin
property. Suppose A has finite decomposition rank, then the decomposition
rank of A⋊α G is at most one.
Proof. First note that by Proposition 5.7 of [ELPW10], any trace on A⋊αG is
the restriction of a α-invariant trace on A. Moreover, the unique trace of A is
α-invariant and so A⋊αG has a unique trace. Since A has finite decomposition
rank and the trace space of A is a Bauer simplex, Corollary 8.6 of [BBSTW15]
implies that A is nuclear, Z-stable and all traces on A are quasidiagonal. Note
that Corollary 5.7 of [HW07] implies that A ⋊α G is Z-stable. Moreover, it
follows from Theorem 3.5 that all traces on A⋊α G are quasidiagonal. Since
A⋊αG has a unique trace, we can conclude from Corollary 8.6 of [BBSTW15]
that the decomposition rank of A⋊α G is at most one, as desired. 
We remark here that unique trace property in Corollary 3.6 is not necessary.
Indeed, it is enough to assume that the trace space of A is Bauer simplex.
In the following example, we show that the decomposition rank of a crossed
product of a simple C∗-algebra with the unique trace by a finite group action
with the tracial Rokhlin property does not necessarily equal to the decompo-
sition rank of the original algebra.
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Example 3.7. One can construct an example of a finite group action α : G→
Aut(A) satisfying
(1) α has the tracial Rokhlin property,
(2) α has infinite Rokhlin dimension with commutative towers,
(3) A is a unital, separable, Z-stable C∗-algebra such that both A and
A⋊α G have unique trace,
such that dr(A⋊α G) is not equal to dr(A).
In [Bla90], Blackadar constructed an example of a Z2-action on the UHF -
algebra A of type 2∞, whose crossed product is not AF . Phillips in Proposition
3.4 of [Phi15] showed that α has the tracial Rokhlin. Note that A has a unique
trace τ and so τ is G-invariant. Now, employ Proposition 5.7 of [ELPW10]
to conclude that A ⋊α G has a unique trace. Thus the trace spaces of A
and A ⋊α G are Bauer simplex. However, from Example 2.9 of [GHS17], α
has infinite Rokhlin dimension with commutating towers. Since A ⋊α Z2 is
not AF , the action α does not have the Rokhlin property. Note that A is
Z-stable with unique trace which is quasidiagonal. Thus by Corollary 3.6,
dr(A ⋊α Z2) ≤ 1. Since A ⋊α Z2 is not an AF -algebra, dr(A ⋊α Z2) = 1.
Finally, note that dr(A) = 0 since A is an AF -algebra.
We recall the definition of Rokhlin dimension from [HWZ15].
Definition 3.8. Let G be a finite group, let A be a separable unital C∗-
algebra, and let α : G→ Aut(A) be an action of G on A. Given a non negative
integer d, we say that α has Rokhlin dimension d, we denote by dimRok(α) = d,
if d is the least integer with the following property: For any finite set F ⊆ A,
ε > 0 there exist positive contractions f
(l)
g ; g ∈ G; l = 0, ..., d satisfying the
following condition for every l, k = 0, ..., d, for every g, h ∈ G and a ∈ F
(1) ‖αh(f
(l)
g )− f
(l)
hg ‖ ≤ ε;
(2) ‖f
(l)
g a− af
(l)
g ‖ ≤ ε;
(3) ‖f
(l)
g f
(k)
h ‖ ≤ ε when k 6= l;
(3) ‖(
∑
l
∑
g∈G f
(l)
g )− 1‖ ≤ ε.
If one can always choose the positive contractions f
(l)
g above to moreover
satisfy ‖[f
(l)
g , f
(k)
h ‖ ≤ ε for all h, g ∈ G and l, k = 0, ..., d, we say that α has
Rokhlin dimension with commuting towers, and denote dimcRok(α) = d.
The relation between the tracial Rokhlin property and finite Rokhlin di-
mension with commuting towers is discussed in Theorem 2.3 of [GHS17].
Theorem 3.9. [GHS17, Theorem 3.2] Let A be an infinite dimensional, sim-
ple, finite, unital C∗-algebra with strict comparison and at most countably
many extreme tracial states, and let α : G→ Aut(A) be a finite group action.
If dimcRok(α) <∞, then α has the weak tracial Rokhlin property.
Theorem 3.9 together with Theorem 3.5 enable us to obtain the following.
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Corollary 3.10. Let A be a simple, exact, finite, separable unital C∗-algebra
with strict comparison and at most countably many extreme traces. Let α : G→
Aut(A) be an action of a finite group with finite Rokhlin dimension with com-
muting towers. Then every trace on A ⋊α G is quasidiagonal if all traces on
A are quasidiagonal.
However, in the case of crossed products by actions with the tracial Rokhlin
property, we can study the behavior of quasidiagonality of traces on crossed
product when the original C∗-algebra is not necessarily exact. For this, we
use the following notion.
Definition 3.11. [EN08] Let C be a class of separable unital C∗-algebras. The
class of unital C∗-algebras which are tracially approximated by C∗-algebras
in C, denoted by TAC, is defined as follows. A unital C∗-algebra A is said to
belong to the class TAC if for any ε > 0, any finite subset F ⊆ A, and any
non-zero a ∈ A+ with ‖a‖ = 1, there exist a non-zero projection p ∈ A and a
C∗-subalgebra C ⊆ A with unit p such that C ∈ C, and for all x ∈ F ,
(i) ‖xp− px‖ ≤ ε,
(ii) pxp ⊆ε C,
(iii) 1− p is Murray-von Neumann equivalent to a projection in aAa.
We recall the following result form [OT14].
Proposition 3.12. [OT14, Theorem 3.3] Let C be a class of separable unital
C∗-algebras such that
(1) If A ∈ C and B ≃ A, then B ∈ C;
(2) If A ∈ C and n is any integer, then Mn(A) ∈ C;
(3) If A ∈ C and p ∈ A is a nonzero projection, then pAp ∈ C.
Suppose that α is an action of finite group G on a simple separable unital
C∗-algebra A with the tracial Rokhlin property. If A is a TAC-algebra then
A⋊α G is in TAC.
Let us recall the next proposition from [BBSTW15].
Proposition 3.13. [BBSTW15, Proposition 8.3] Let denote by Cqd the class
of all separable unital C∗-algebras all of whose traces are quasidiagonal. If A
is a simple separable unital C∗-algebra in TACqd then A ∈ Cqd.
The following lemma can be deduced from Proposition 2.8 and Proposition
3.7 of [Bro06] and Lemma 2.7.
Lemma 3.14. The class of all simple unital C∗-algebras in Cu.qd satisfies in
the following conditions:
(1) If A ∈ C and B ≃ A, then B ∈ C;
(2) If A ∈ C and n is any integer, then Mn(A) ∈ C;
(3) If A ∈ C and p ∈ A is a nonzero projection, then pAp ∈ C.
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Corollary 3.15. Let A be a simple separable unital C∗-algebra all of whose
traces are uniform quasidiagonal and let α be an action of a finite group G on A
with the tracial Rokhlin property. Then all traces on A⋊αG are quasidiagonal.
Proof. Let Cu.qd be a class of all separable unital C
∗-algebras all of whose
traces are uniform quasidiagonal, then by Lemma 3.14, Cu.qd satisfies in con-
ditions (1) to (3) of Proposition 3.12, so A ⋊α G is a TACu.qd-algebra. Now,
employ Proposition 8.3 of [BBSTW15] to deduce that all traces on A⋊αG are
quasidiagonal. 
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